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Integration 3 

 

1. ∫ ln x dx
1

−1
   (involve complex number) 

  

 Let y = ln x, x = ey, dx = eydy.  When x = −1, −1 = ey, y = iπ,  when x = 1, y = 0. 

I = ∫ ln x dx
1

−1

= ∫ y
0

iπ

eydy = ∫ y
0

iπ

d(ey) = [yey]iπ
0 − ∫ ey

0

iπ

dy = [yey − ey]iπ
0 = 𝐢𝛑 − 𝟐 

 

2. Evaluate  L = ∫ √1 + 4x21

0
dx 

 

Method 1 

 

Let  x =
1

2
tan θ ⟹ dx =

1

2
sec2 θdθ 

L = ∫ √1 + 4 (
1

2
tan θ)

2tan−12 

0

(
1

2
sec2 θdθ) =

1

2
∫ sec3 θdθ

tan−12 

0

 

 

 

Let  I = ∫ sec3 θdθ = ∫ sec θd(tanθ) = sec θ tan θ − ∫ tan θ d(secθ) 

  = sec θ tan θ − ∫ tan θ (secθ tan θ dθ) = sec θ tan θ − ∫ secθ (sec2 θ − 1)dθ 

  = sec θ tan θ − I + ∫ secθ dθ 

 2I = sec θ tan θ + ∫
sec θ(sec θ+tan θ)

sec θ+tan θ
dθ = sec θ tan θ + ∫

d(sec θ+tan θ)

sec θ+tan θ
 

 I =
1

2
[sec θ tan θ + ln|sec θ + tan θ|] + C 

L  =
1

4
[sec θ tan θ + ln|sec θ + tan θ|]tan−12

0
=

1

4
[√5 × 2 + ln|√5 + 2|]  

 =
1

4
[√5 × 2 + ln|√5 + 2|] ≈ 𝟏. 𝟒𝟕𝟖𝟗𝟒𝟐𝟖𝟓𝟕𝟓𝟒𝟒𝟔 

 

Method 2 

 

L = ∫ √1 + 4x2
1

0

dx 

Put  2x = sinh θ ⟹ dx =
1

2
cosh θ dθ 

√1 + 4x2 = √1 + sinh2 θ = cosh θ 
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L = ∫ cosh θ (
1

2
cosh θ dθ)

sinh−12

0

=
1

2
∫ cosh2 θ d

sinh−12

0

θ =
1

2
∫

1 + cosh 2θ

2
d

sinh−12

0

θ 

=
1

4
[θ +

sinh 2θ

2
] sinh−12

0
=

1

4
[θ + sinh θ cosh θ]sinh−12

0
=

1

4
[sinh−12 + 2√5] 

≈ 𝟏. 𝟒𝟕𝟖𝟗𝟒𝟐𝟖𝟓𝟕𝟓𝟒𝟒𝟔 

 

Method 3 

 

We calculate a standard integral first ∫ √1 + x2  dx:  

 

Let  y2 = 1 + x2 ⟹ ydy = xdx 

 

Consider   I = ∫ √1 + x2  dx = ∫ ydx = xy − ∫ xdy 

Hence  I =
1

2
[xy + ∫(ydx − xdy)] =

1

2
[xy + ∫

(x+y)(ydx−xdy)

x+y
] =

1

2
[xy + ∫

xydx+y2dx−x2dy−xydy

x+y
] 

 =
1

2
[xy + ∫

y(ydy)+y2dx−x2dy−x(xdx)

x+y
] =

1

2
[xy + ∫

y(ydy)+y2dx−x2dy−x(xdx)

x+y
] 

 =
1

2
[xy + ∫

(y2−x2)dx+(y2−x2)dy

x+y
] =

1

2
[xy + ∫

dx+dy

x+y
] =

1

2
[xy + ln|x + y|] + C 

 =
1

2
[x√1 + x2 + ln|x + √1 + x2|] + C 

 

L = ∫ √1 + 4x2
1

0

dx =
1

2
∫ √1 + (2x)2

1

0

d(2x) =
1

2
{
1

2
[(2x)√1 + (2x)2 + ln |(2x) + √1 + (2x)2|]}

1
0

 

 =
1

4
[√5 × 2 + ln|√5 + 2|] ≈ 𝟏. 𝟒𝟕𝟖𝟗𝟒𝟐𝟖𝟓𝟕𝟓𝟒𝟒𝟔 

 

 

Yue Kwok Choy 

27/5/2019 

 

 


